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1. INTRODUCTION 
In the group GL(n, K) of n x n nonsingular matrices over field K of 
characteristic 2, an involutory matrix A of signature s, s = 0, 1, 2,. . . , 
[n/2], is a matrix of order 2 in the same conjugacy class with the matrix 
‘w2s 0 0 
i I 0 1, IS ’ 0 0 I.3 
where [ ] denotes the “greatest integer” function and I, denotes the 
k x k identity matrix. Throughout this paper, field K will have char- 
acteristic 2. Two distinct involutions A and B in GL(n, K) will be said 
to generate a linear class 1 if 
(1 + B)A + BB is an involution for every 8 in K. (1) 
E. T. Browne [2] first introduced linear classes of involutions over fields 
of characteristic # 2. In a previous paper [5] by the author, linear classes 
of involutions over GF(q), q odd, are characterized to within a similarity 
transformation and are enumerated. Moreover, in the same paper, the 
subgroup of the full linear group GL(n, K) generated by a linear class of 
n x n involutions over K = GF(q), q odd, is characterized to within 
conjugacy, common fixed vectors of involutions in a linear class are 
discussed, and k-linear classes of involutions are defined. 
A table of contents for this paper in which field K has characteristic 
2 would appear analogous to one for the author’s paper described above. 
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In Sec. 2, some properties of linear classes of involutions are presented, 
and in Sec. 3, the enumeration of the distinct linear classes of involutions 
in GL(n, K), where K = GF(q) and q = 2t for some t, is begun. In Sec. 4, 
the enumeration is given of the involutions in GL(n, K), K = GF(2t), 
which commute with a given involution of signature s in GL(n, K). This 
enumeration is necessary to the counting begun in Sec. 3. In GL(n, K), 
the common fixed vectors of a linear class of involutions, the subgroup 
generated by a linear class of involutions, and d-spaces of involutions 
are discussed in Sets. 5, 6, and 7, respectively. 
2. SOME PROPERTIES SHARED BY ALL LINEAR CLASSES 
It is immediate from Eq. (1) that involutions A and B in GL(n, K) 
generate a linear class I = ((1 + 8)A + t9B : 8 E K} 
if and only if AB = BA, and (2) 
if and only if P-lAP and P-IBP generate a linear class for 
every P in GL(n, K). (3) 
Since each involution A of signature s in GL(n, K) can be decomposed 
as A = I + N, where N is of rank s and N2 = 0 [8], Eq. (2) requires that 
involutions A = I + N and B = I + N, in GL(n, K) generated a linear 
class if and only if 
NN, = NIN. (4 
It is seen from (2) that any study of linear classes of involutions in GL(n, K) 
is a study of commuting pairs of distinct involutions in GL(n, K). In [2], 
where K had characteristic # 2, Browne noted that involutions A and B 
in GL(n, K) generate a linear class if and only if A and B are in the same 
conjugacy class. That is clearly not the case if K has characteristic 2. 
In fact, the identity matrix in GL(n, K) commutes with every involution 
in GL(n, K). DieudonnC [3, Sec. 111 distinguished transvections (involu- 
tions of signature 1) in GL(gz, K), n > 6, K a skew field of characteristic 
2, from involutions of signature s > 1 by noting that the product of two 
permutable transvections is an involution of signature 1 or signature 2, 
whereas the product of two commuting involutions each of signature s, 
s > 1, may belong to more than two conjugacy classes of involutions. 
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3. ENUMERATION OF LINEAR CLASSES OF INVOLUTIONS IN GL(n, q), q = 2t 
If K is a finite field GF(q), then GL(n, K) will be given the notation 
GL(n, q). If subset I = ((1 + @A + 8B : 0 E K) of GL(s, K) is a linear 
class of involutions, and if C = (1 + (&)A + &B and D = (1 + &)A + 
&B are in 1, then for any + E K, (1 + .#)C + ~$0 = (1 + O1 + ~$0, + 
@,)A + (0, + 40, + @,)B E 1. Since distinct elements Oi, 19~ E K give 
rise to distinct involutions (1 + &)A + 19iB and (1 + &)A + f&J?, 
distinct involutions C and D generate a linear class if and only 
if they are in the linear class. (5) 
It is clear from Eq. (2) that a direct approach to the enumeration of 
the distinct linear classes of involutions in GL(n, q), q = 2t, would involve 
the enumeration of the commuting pairs (A, B) of distinct involutions 
in GL(n, q). Let C(n) be the number of commuting pairs of distinct 
involutions in GL(n, q) and let L(n) be the number of distinct linear classes 
of involutions in GL(n, q). Then in view of (5) and in view of the fact 
that each linear class contains q involutions, 
L(n) = WM - 1). (6) 
Hodges [6] has shown that there are 
involutions of signature s in GL(n, q), where 
g, = n (4% - qi), the order of GL(n, q). 
i=O 
It will be seen in Sec. 4 that the number of involutions of signature s 
in GL(n, q) commuting with a given involution of GL(n, q) depends only 
on the signature of the given involution. Hence, if N(n, s) is the number 
of involutions distinct from A in GL(Pz, q) commuting with a given involu- 
tion A of signature s in GL(n, q), 
n/z 
C(n) = p% s)w% s). (9) 
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4. THE DETERMINATION OF N(%, S) 
Let A be an involution of signature s in GL(n, q) and let 
Since AX = XA if and only if FY = YF, where Y = P-IXP, the number 
of involutions X in GL(n, q) commuting with A equals the number of 
involutions Y in GL(n, q) commuting with F. Now F = I, + N,, where 
I 1 
0 0 0 
N, = 0 0 I, 
0 0 0 
and is partitioned identically as F. Let Y = I, + N, where 
[ 1 NI N, N, N = N, N, N, N7 N8 N, 
is partitioned identically as F. Then N,N = NN, if and only if Ne = 0, 
N, = 0, Ns = 0, and N5 = N9. But if Y is to be involutory, N2 must 
equal 0. That is, 
[ ;; A;5 ;;I’ = [N&~N& A;52 ,::$;$eN5 
/ 1 
0 0 0 =ooo. (10) 0 0 0 
Thus, by Eq. (4), to find N(n, s) is to find all solutions N to Eq. (10). 
This we proceed to do. Our strategy in the enumeration is outlined in the 
following steps: 
Let N, be any of the a(n - 2s, n,), (PZ - 2s) x (n - 2s) nilpotent 
matrices of rank n, and let N5 be any of the o(s, n,), s x s nilpotent 
matrices of rank n5 over GF(q), where the a’s are given by (3.3). (11) 
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Find the number P(n, s, n,, ns) of solutions (R, S, T) to the simultaneous 
matrix equations (12) 
RN, + N,R = 0, where R is s x (n - 2s), (12a) 
NiS + SN, = 0, where S is (n - 2s) x s, and (12b) 
N,T + TN, = RS, where T is s x s, with N, and N, given 
as in (4.2). (I2c) 
The number of solutions (R, S, T) to the system of simultaneous 
matrix equations (12a), (12b), (12~) equals the number of solutions 
(U, V, IV) to the system of simultaneous matrix equations 
UF,+ F,U=O, (124 
F,V + VF5 = 0, (124 
and 
where 
F,W + WF, = UV, (12f) 
00 0 










with ni > n5, where U = Q-IRP, V = P-ISQ, and W = Q-‘TQ. The 
case that n5 > 1zi also follows. If U, V, and W are partitioned appropriately 
into blocks as 
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and 
Eq. (12d) requires 
u, = 0, u, = 0, KU7 = [:: :‘.1 [i::J = [it2 
and 
Eq. (12e) requires 
0 = [I 0 ’ 
v, = 0, 
and 
V5K = [V,I> Vij~l 
and Eq. (12f) requires 
4; 
= 10, bl = [V,,, hd 
[Cm 01 c, - 
= 
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(C takes the given form since UV = C commutes with F5); that is, 
Pm,+ IY5K = 
C 61 cl32 = 1 I C = C6. 63 C64 











the blocks of U, V, and W otherwise being completely arbitrary. 
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Sizes V, and W as given in Eq. (13) 
Block 
of u 
Size of Block 
Block 
of v 
Size of Block 
Block 
of w Size of Block 
u, (s - 24 x (n - 2s - 2n,) v, (n - 2s - 292,) x (s - 24 
u, (s - 2X,) x n, v,, (n - 25 - 24 x (nl - vz5) 
u,, (%I - n5) x (n - 2s - 2n,) v,, (72 - 2s - 24 x (nl - ?z5) 
u,, tis x (7% - 2s - 252,) 83, (fi - 2s - 24 x X5 
u, 5 x % v, n, x (s - 2X,) 
u,, (n, - nj) x (n - 2s - 24 v,, n, x (n, - f15) 
u,, (% - %) x 3 V 52 nl x n5 













(s - 24 x (s - 2n,) 
(s - 23) x (%I - n,) 
(s - 272,) x 72, 
n1 x (5 ~ 2n,) 
(% - %) x (WI - %,) 
% x (n, - %,) 
n5 x n5 
Xl x n1 
If U, I’, and W are to satisfy systems (12d), (12e), and (12f), all the block 
matrices of Table 1 may be chosen arbitrarily from GF(q) except that 
Ul 
u*v* = u,, [V,, v‘& V,,] = 0. L I u 71 
Landsberg [i’] has given the number g(u, 21, Y) of u x v matrices of rank 
Y over GF(q) to be 
1 (qu--L+l I)@ -*+I - 1) 
g(zc, v, y) = qr(r-1112 n _~~~~ - 
i=l k-1) . 
(14) 
The matrix U* is (s - 2n,) x (n - 2s - 2ni) and may be chosen of rank 
Y in g(s - 2n,, n - 2s - 2n,, I) ways. The matrix V* is (n - 2s - 212,) x 
(s - 2~~). For each of the g(s - 2n5, n - 2s - 2ni, Y) matrices U*, there 
are q (n--2s--2n~--r)(s--2n6) matrices V* such that U*V* = 0, since the null 
space of U* is of dimension n - 2s - 2ni - 1. Hence, there are 
K(n, s, ~1, ~5) = 2 g(s - 2 725, n - 2s - 2n,, y)q(n-25-2n,-r)(s-2n~), (15) 
r=0 
pairs of matrices (U*, V*) such that U*V’* = 0, where in Eq. (15) m = 
min[s - 2n,, n - 2s - 2n,]. Upon examination of Table 1, we see that 
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there are, corresponding to each of the K(n, s, n,, 1~~) pairs of matrices 
(U”, V”), 
n (n-2s-2n,)+(s-2nl)n,+2n,a = 
qs 
q(n-2shs+nn,-2n,n6 
choices for the remainder of U and the same number of choices for the 
remainder of V. Moreover, for each (U, V) pair as in Eq. (13) such that 
U*V* = 0, there are qs’+2ni8-2sns choices for W. 
s2 + 2ns2 - 2s~ 
= (s - 2ni7 + 2(s - 2n,)(n, - ?25) + 2n,(s - 294 + 2(n, 
+ %(fil - %) + %j2 + %I2 + %(fll - 4. 
Hence, 
P(n, s, n,, ?Z5) = K(n, s, n,, 9zg)qsP-6T+% +2n*5-‘%%+2s% 
Applying Eq. (15), we obtain 
W% 
- 
P(,, s, n,, 726) = qs(n-s)-%(s-%) 
,z & - 
2n,, n - 2s - 2n,, r)q--r(n-2n6). 
(17) 
The case that n5 > n, will not be presented in complete detail. Suffice 
it to say that Eq. (17) gives P(n, s, n,, n5) for ni < n5, since the enumera- 
tion proceeds by an essentially symmetrical argument. In fact, for 
00 0 




F, = 0 0 InI 
00 0 
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the system of matrix equations (lZd)-(12f) has solution (U, I’, W) if and 
only if 
Ul FJ‘il? 01 W3,J u321 
u = u4 LU51. u521 u6 
0 0 LO> u5‘2.1 1 
v= [ij [i,i :: , I 1 w= [Y] O [2j 
where 
WI c3 w3 
w, w5 w6 
c4 c5 w5+c6 I ’ (18) 
Cl 0 c, 
uv = c = c4 c, c, 
[ 1 0 o c6 
and where 
u*v* = [U,, u31, U31] 
-v1 
v 0, 41 = 
v71 1 




The - 1 of Eq. (19) removes the counting of IV0 as a solution to Eq. (10). 
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5. INVARIANT VECTORS OF A LINEAR CLASS 
If A is an involution in GL(n, K), denote by SA the subspace 
{z : Ax = x} of th e n-dimensional vector space V%(K) over field K. If A 
is of signature s, then A = I, + N, where N is nilpotent of rank s and 
S,, therefore, is (n - s)-dimensional. Suppose involutions A and B in 
GL(n, K) generate linear class 
I = {C,: C, = (1 + 0)A + BB, 0 E K}, 
where A has signature s. Then x is an invariant vector of C, for every 
C, in 1 if and only if x is an invariant vector of both A and B. Let 
P E GL(n, K) such that A, = P-lAP = I, + N,, where 
0 0 0 
N” = 0 0 I,$ . 
I 1 0 0 0 
Then P-lBP = B, = I + N, where NN, = N,N. That is, 
N, 0 s 
N = R N, T > 
[ 1 0 0 N, 
where N, is nilpotent of rank n,, 
n - 2s 
n,=O,l,..., ____, 
[ 1 2 
N, is nilpotent of rank n5, 
?Z,=O,l,..., $ , iI 
and R, S, and T are solutions to the system of matrix equations (12a)-(12c). 
Now x is a common fixed vector of A and B if and only if y = P-lx is a 
common fixed vector of A, and B,, which by Eq. (3) generate a linear 
class I’ = ((1 + @A, + 8B, : r3 E K}. Column vector y, partitioned as 
(yi, y2, ys)r, belongs to subspace SAi fl S,, if and only if ys = 0, Niy, = 0, 
and Ryi + N5y2 = 0. Thus, to find the dimension of SA, tl .SBI, we will 
find the rank of N, 0 “’ = R N, ’ [ 1
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If Qr-iN,Q, = F, and QsP1N5Qs = Fg, where F, and F, are as in Eqs. 
(12d)-(12f) for n, 3 n5, then N’ is similar to 
where U is given by Eq. (13). Thus, the rank of N” and, therefore, the 
rank of N’ is easily seen to be ni + ns + u*, where u* = rank U* with 
U* given in Eq. (13). If n, < n5, then U is given by Eq. (18), and the 
rank of N’ is given in Eq. (18). Since N’ is (n - s) x (n - s), 
dim(S,, fl S,J = dim(S, fl S,) = YZ - s - PZ, - n5 - u*. 
Theorem 5.1 summarizes the preceeding remarks. 
THEOREM 5.1. If involutions A and B in GL(n, K), A of signature s, 
generate linear class 1, then vector x of V,(K) is fixed by every involdon in 
1 if and only if x E S, fl S,. Moreover, if N, has rank ni, N, has rank n5, 
and U* has rank w*, where N, and N, aye given by Eq. (10) and U* is 
given by Eq. (13) if n1 3 n5 and by Eq. (18) if nl < n5, then dim(S, Cl S,) 
if n - s - vz, - n5 - u*. 
It was shown in [4] that the involutions of signature s in GL(n, q) 
which are in the same P-class [I] have the same invariant vectors when 
these vectors are considered as points of the (n - I)-dimensional finite 
projective geometry PG(n - 1, q), coordinatized by the elements of GF(q), 
and the P-classes of these involutory matrices comprise the blocks of a 
balanced incomplete block design with the fixed vectors as varieties. The 
fixed vectors of a P-class comprise a PG(n - s - 1, q) subspace of 
PG(n - 1, q). The fixed vectors of a linear class form a PG(n - s - 
ni - n5 - U* - 1, q) subspace of PG(n - 1, q). The combinatorial 
arrangement of the fixed vectors of linear classes and the combinatorial 
arrangement of the linear classes will be investigated later. 
~.THESUBGROUPOF GL(n,K) GENERATEDBYALINEARCLASS 
Let I, be contained in linear class 1. Then, by Eq. (5), I, and any 
other involution A in 1 generate 1. That is, 1 can be written as 1 = 
{DB = (1 + 19)1, + IDA : 0 E K>. By direct calculation it can be shown 
that D,D, = D,,,. Hence, (I,.) is a group isomorphic to the additive 
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group (K, +) of K. On the other hand, if linear class 1 is generated by 
involutions A and B in GL(n, K) and I, $1, then I’ = {D, = (1 + f3)1, + 
f3BA : 0 E K} is a linear class, where 1 = {C, = (1 + B)A + t9B : 8 E K}, 
and 1 is the coset I’A of the subgroup I’ of GL(n, K). Since C,C, = D,,*, 
the subgroup [I] of GL(n, K) generated by linear class 1 is 1 U I’. Suppose 
for 8, 4 E K, C, = D,. Then In = D,Dm = C,+* E 1, a contradiction. 
Hence 1 fl 1’ = 4 and I[111 = 2/Kl. H ence, the following theorem has been 
proved. 
THEOREM 6.1. Let 1 = {C, = (1 + B)A + f3B : 8 E K} be a linear class 
of involutions in GL(n, K). If I, E 1, then (1, *) is a subgroup of GL(n, K) 
isomorphic to the additive groq3 (K, +) of field K. If I, $1, then the sub- 
grou$ [1] of GL(n, K) generated by 1 is [I] = 1 U 1’ of order 2/K/, where 1’ is 
the linear class subgroup (D, = (1 + e)I, + 0BA : 8 E K} and where 
1 n 1’ = 4. 
We proceed to distinguish between those linear classes which contain 
I, and those which do not contain I,. Let 1 be a linear class of involutions 
in GL(n, K) containing I,. Hence, by Eq. (5), I, and any other involution 
A in 1 generate 1. If A has signature s, for some s = 1, 2,. . . , [n/2], then 
Levine and Nahikian [8] have shown that A has the decomposition 
A = I, + QP, where each of P and QT is s x n of rank s such that 
PQ = 0. Thus, every involution C, = I, + 0QP, and, thus, every 
involution in 1 except I, has signature s. Conversely, if a linear class 1 
of involutions of GL(n, K) has the form 1 = {I, + 0QP : 8 E K}, then 
certainly I, E 1. Hence, the following theorem has been proved. 
THEOREM 6.2. A necessary and sufficient condition that a linear class 
1 of involutions of GL(n, K) contain I, is that 1 have the form 1 = (I, + 
eQP : 0 E K), where each P and QT is s x n of rank s such that PQ = 0 
for some s = 1, 2,. _ , [n/2]. 
Hence, there are a(n, s)/(q - 1) 1’ mear classes of involutions in GL(n, q) 
(K = GF(q), q = 29 containing just I, and involutions of signature s, 
where o(n, s) is given by Eq. (7). Moreover, there are cp$ o(n, s)/(q - 1) 
linear classes of involutions in GL(n, q) containing I,. By Theorem 6.1, 
each of these linear classes is a subgroup of GL(n, q) isomorphic to the 
additive group of GF@). 
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1. &SPACES OF INVOLUTIONS IN GL(n, K) 
The author regrets his definition of d-linear classes of involutions in 
[5] in which field K has characteristic # 2. Whether K has characteristic 
2 or # 2, a definition of a d-space of involutions is given in the following. 
DEFINITION 7.1. An involution in GL(n, K) is a O-space of involutions, 
or a point. A linear class of involtrtions is a l-space of involutions, OY a line. 
If each of A,, A,, . . . , A,+1 is an involution of GL(n, K), no one of which 
is in the (d - l)-space of involutions generated by the other d involutions, 
then S = (elA1 + &A, + . . * + Od+lAd+Z : Eli E K, 2 Bi = l} is a d-space 
of involutions Provided that each element of S is an involution in GL(n, K). 
Obvious modifications to the proof of Theorem 7.1 in [5] will yield 
a proof of Theorem 7.1, which follows, for the case that field K has 
characteristic 2. 
THEOREM 7.1. Let AI, A,,. . ., Ad+1 be involutions of GL(n, K), no 
one of which is in the (d - I)-space of involutions generated by the other 
d involutions. Then A,, A,, . . ., A dtl generate a d-space of involutions if 
and only if for all i and j, i # j, A i and A j generate a linear class of involutions. 
The geometry of d-spaces of involutions, which appear to be 
d-dimensional affine geometries, will be the subject of future investigation. 
REFERENCES 
1 J. V. Brawley, Certain sets of involutory matrices and their groups, Duke Math. 
J. 36(1969), 473-478. 
2 E. T. Browne, Involutions that belong to a linear class, Annals Math. 29( 1928), 
483-492. 
3 J. DieudonnB, On the automorphisms of the classical groups. Memoirs Am. Math. 
Sot. No. 2, (1951). 
4 J. D. Fulton, The configurations of vectors invariant under transformation by 
classes of involutory matrices over a finite field, Duke Math. J. 34(1967), 85-94. 
5 J. D. Fulton, Characterization and enumeration of linear classes of involutions 
over a finite field, Linear Algebra and Its Afifilications 6(1973), 119-127. 
6 J. H. Hodges, The matrix equation X z - I = 0 over a finite field, Am. Malath. 
Monthly 65(1958), 518-520. 
7 G. Landsberg, iiber eine Anzahlbestimmung und eine damit zusammenh%ngende 
Reihe, J. reine anger. Math. 111(1893), 87-88. 
8 J. Levine and H. hl. Nahikian, On the construction of involutory matrices, Am. 
Math. Monthly 69(1962), 261-272. 
Received Se+nber, 1969 
